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Abstract
Let M be a manifold endowed with a symmetric affine connection Γ. The aim of
this paper is to describe a quantization map between the space of second-order polyno-
mials on the cotangent bundle T ∗M and the space of second-order linear differential
operators, both viewed as modules over the group of diffeomorphisms and the Lie
algebra of vector fields on M. This map is an isomorphism, for almost all values of
certain constants, and it depend only on the projective class of the affine connection Γ.
1 Introduction
Quantization procedure proposed in this paper is deals with the space of linear differential
operators and the corresponding space of symbols viewed as modules over the group of
diffeomorphisms Diff(M) and the Lie algebra of vectors fields Vect(M). This method of
quantization have been introduced in the recent papers ([11], [5], [7]).
Let Dλ,µ(M) be the space of linear differential operators from the space of λ−densities
with the space of µ−densities. The corresponding space of symbols, Polδ(T
∗M), is the
space of polynomials on T ∗M with values in the space of δ−densities, where δ = µ− λ.
We call quantization map, a linear map
Qλ,µ : Polδ(M)→ Dλ,µ(M), (1.1)
that is bijective and preserves the principal symbol (see [11], [7], [5]).
There is no quantization map (1.1) equivariant with respect to the action of the group
Diff(M). It is natural to consider a subgroup G ⊂ Diff(M) (of finite dimension) and to
restrict the action of Diff(M) on the subgroup G. There are two interesting cases:
If M = Rn is endowed with a flat projective structure, the quantization map is given
in [11]. This map is equivariant with respect to the action of the group of projective
transformations SLn+1 ⊂ Diff(R
n). IfM = Rn is endowed with a flat conformal structure,
the quantization map is given in [7], it is equivariant with respect to the action of the group
of conformal diffeomorphisms SO(p + 1, q + 1) ⊂ Diff(Rn), where (p + q = n). (See also
[8], [2], [4], for the one dimensional case.)
A natural and well-known way to define a quantization map is to fix an affine connection
onM (see, e.g. [1]). However, there is no canonical quantization map associated to a given
connection.
The purpose of this paper is to study the quantization map (1.1) between the space of
second-order symbols and the space of second-order linear differential operators satisfying
the following properties:
1. It is projectively invariant, i.e. it depend only on the projective class of the affine
connection Γ.
2. If M = Rn with a flat projective structure, this isomorphism is equivariant with
respect to the action of the group of projective transformations SLn+1 (resp. infinitesimal
projective transformations sln+1).
The method used in this paper follows that of the recent preprint [6].
2 Space of linear differential operators
LetM be a manifold of dimension n endowed with an affine connection Γ.We are interested
in defining a two parameter family of Diff(M)−module (resp. Vect(M)−module) on the
space of linear differential operators. This space was recently studied in recent papers ([2],
[3], [8], [11], [5], [6], [7], [10]).
2.1 Space of tensor densities
For simplicity, we assume M oriented throughout this paper.
The space of tensor densities on M, Fλ(M), or Fλ for simplify, is the space of sections
of the line bundle (ΛnT ∗M)⊗λ, where λ ∈ C. As a vector space, tensor densities are
isomorphic to the space of complexified functions, but the structure of Diff(M)-module is
different. Let us explicit this action:
Let f ∈ Diff(M) and φ ∈ Fλ. In a local coordinates (x
i), the action is given by
f∗φ = φ ◦ f−1 · (Jf−1)
λ, (2.1)
where Jf =
∣∣∣DfDx
∣∣∣ is the Jacobian of f .
In the case λ = 0, 1, the action (2.1) is precisely the standard action of Diff(M) on the
space of functions and differential forms of degree n respectively.
Differentiating the action of the flow of a vector field, one gets the corresponding
representation of Vect(M).
LλX(φ) = X
i∂i(φ) + λ∂i(X
i)φ, (2.2)
where X = Xi∂i ∈ Vect(M).
The formulæ (2.1), (2.2) do not depend on the choice of coordinates.
Let us now recall the definition of covariant derivative on tensor densities (cf. [7]).
Let ∇ be the covariant derivative associated to the affine connection Γ. If φ ∈ Fλ, then
∇φ ∈ Ω1(M)⊗Fλ, given, in a local coordinates, by the formula:
∇iφ = ∂iφ− λΓiφ, (2.3)
with Γi = Γ
l
il (summation is understood on repeated indices).
2
2.2 Space of linear differential operators
Consider the space of linear differential operators acting on tensor densities
A : Fλ → Fµ. (2.4)
The action of Diff(M) on D(M) depends on two parameters λ and µ. This action is given
by the equation:
fλ,µ(A) = f
∗ ◦ A ◦ f∗−1, (2.5)
where f∗ is the action (2.1) of Diff(M) on Fλ.
Differentiating the action of the flow of a vector field, one gets the corresponding
representation of Vect(M).
L
λ,µ
X (A) = L
µ
X ◦ A−A ◦ L
λ
X , (2.6)
where X ∈ Vect(M).
These formulæ do not depend on the choice of a system of coordinates.
Notation. Denote Dk(M) the space of k−order linear differential operators. In a local
coordinates (xi), one can write A ∈ Dk(M)
A = ai1,...,ikk
∂
∂xi1
· · ·
∂
∂xik
+ · · · + ai1
∂
∂xi
+ a0, (2.7)
with the coefficients ai1,...,ikk = a
i1,...,ik
k (x
1, . . . , xn) ∈ C∞(M). We have then a filtration
D0 ⊂ D1 ⊂ · · · ⊂ Dk ⊂ · · ·
Denote by Dλ,µ the module of linear differential operators on M endowed with the action
of Diff(M) (resp. Vect(M)) given by (2.5) (resp. (2.6)). The space of k−order linear dif-
ferential operators, denoted by Dkλ,µ, is a Diff(M)-submodule (resp. Vect(M)−submodule)
of Dλ,µ.
Remark 2.1 The space of linear differential operators viewed as a module over the group
of diffeomorphisms is a classical object (see e.g. [14]). For example, in the case M = S1,
the space of sturm Liouville operators d
2
dx2
+u(x) is viewed as a submodule of D2
−
1
2
, 3
2
. Also,
the modules Dk1−k
2
, 1+k
2
was considered in [14].
3 Space of symbols
The space of symbols, Pol(T ∗M), is the space of functions on the cotangent bundle T ∗M
polynomial on the fibers. In a local coordinate system (xi, ξi), one can write
T =
k∑
l=0
T i1,...,ilξi1 · · · ξil ,
with T i1,...,il(x1, . . . , xn) ∈ C∞(M).
One defines a one parameter family of Diff(M)−module (resp. Vect(M)−module) on
the space of symbols by
Polδ(T
∗M) := Pol(T ∗M)⊗Fδ.
3
Let us explicit this action.
Take f ∈ Diff(M) and X ∈ Vect(M). Then, in a local coordinates (xi, ξi), one has:
fδ(T ) = f∗T · (Jf−1)
δ, (3.1)
LδX(T ) = LX(T ) + δD(X)T, (3.2)
where
LX = X
i∂i − ξj∂i(X
j)∂ξi , D(X) = ∂iX
i.
The space of symbols admits a graduation
Polδ(T
∗M) =
∞⊕
k=0
Polδ,k(T
∗M),
where Pol(T ∗M)δ,k are the homogeneous polynomials of degree k on T
∗(M). This gradu-
ation is Diff(M)−invariant.
Throughout this paper, we will identify the space of symbols with the space of sym-
metric contravariant tensor fields on M.
4 Flat projective structure and projectively equivalent con-
nection
LetM be a manifold of dimension n. Recall two notions on projective geometry, the notion
of flat projective structure and the notion of projectively equivalent connections (see [9]).
4.1 Flat projective structure
A manifold M admits a flat projective structure if there exists an atlas {φi} such that the
local transformations φi ◦ φ
−1
j are projective transformations.
The most interesting case is when M = Rn. In this case, the group SLn+1 acts locally
on Rn by projective transformations. Choosing a local coordinate system, the Lie algebra
sln+1 can be identified with the subalgebra of Vect(R
n) generated by the vector fields:
∂i, x
i∂j , x
ixj∂j .
The projective Lie algebra sln+1 is a maximal subalgebra of the Lie algebra of polyno-
mial vector fields on Rn (cf. [11]).
4.2 Projectively equivalent connections
The notion of projectively equivalent connection is an old notion related to projective
geometry of the “paths” studied by H. Weyl in [13] and T.Y. Thomas in [12]. Weyl gives
the following definition:
Two affine connection without torsion, with Christoffel symbols Γ˜ijk and Γ
i
jk given on
the same system of coordinate x1, . . . , xn, are projectively equivalent, if there exists a
differential 1-form with components ωi, such that
Γ˜ijk = Γ
i
jk + δ
i
jωk + δ
i
kωj. (4.1)
4
Geometrically, two affine connections without torsion projectively equivalent give the
same unparameterized geodesics (cf. [9], [13]).
An affine connection Γ is said to be projectively flat, if they can be written:
Γijk =
1
n+ 1
(
δijΓk + δ
i
kΓj
)
. (4.2)
A manifold M endowed with an affine connection Γ, admits a flat projective structure
if and only if the connection Γ is projectively flat (cf. [9]).
5 Main theorems
In this section, we will give the quantization map between the space of second-order
symbols and the space of second-order linear differential operators. First, decompose the
space of symbols into a direct sum
Polδ,2(T
∗M)⊕ Polδ,1(T
∗M),
where Polδ,2(T
∗M) is the space of symbols of degree 2, and Polδ,1(T
∗M) the space of
symbols of degree less or equal 1. We will construct a quantization map on each of these
spaces.
In the case of first order symbols, there exists a quantization map that commutes with
the action of Diff(M) and Vect(M) (see [11], [6]).
Theorem 5.1 For any δ 6= 1, the map Q1λ,µ : Polδ,1(M)→ D
1
λ,µ(M) given by
Q1λ,µ(T ) = T
i∇i + α∇i(T
i) + T 0 (5.1)
where T = T i ξi + T
0, and
α =
λ
1− δ
(5.2)
is a projectively invariant isomorphism (i.e. it depends only on the projective class of the
affine connection Γ.)
Proof of Theorem 5.1. Let Γ˜ be a symmetric affine connection projectively equivalent
to Γ. Denote by Q˜1λ,µ the quantization map written with the connection Γ˜. We must show
Q˜1λ,µ = Q
1
λ,µ.
We need some formulæ (see [7]):
Recall the covariant derivative on the space of 1-order contravariant tensor fields: Let T i
be a tensor, then one has:
∇j(T
i) = ∂j T
i + ΓijlT
l − δ ΓjT
i. (5.3)
Using the formulæ (4.1), (5.3) one obtains
∇˜i(φ) = ∇i(φ)− λ(n+ 1)ωi φ, ∇˜i(T
i) = ∇i(T
i) + (1− δ)(1 + n)ωi T
i.
5
Then after a straightforward calculation:
Q˜1λ,µ(T ) = Q
1
λ,µ(T ) + (1 + n)(α(1 − δ)− λ)ωi T
i.
Hence Q˜1λ,µ = Q
1
λ,µ if and only if α is given as in (5.2).
Remark 5.2 1. If M is endowed with a flat projective structure, the isomorphism (5.1)
is the unique provided it preserves the principal symbol (cf. [11]).
2. In the case δ = 1, the modules are still isomorphic if (λ, µ) = (0, 1). This isomorphism
is given by (5.1) with an arbitrary α = 0.
Let us give the quantization map on the space of homogeneous symbols of degree 2.
Theorem 5.3 If n ≥ 2, for any δ 6= n+3
n+1
, n+2
n+1
, there exists a projectively invariant iso-
morphism Q2λ,µ : Polδ,2(T
∗M)→ D2λ,µ(M) given by
Q2λ,µ(T ) = T
ij∇i∇j + β1∇jT
ij∇i + β2∇i∇j(T
ij) + β3RijT
ij, (5.4)
where T (ξ) = T ijξiξj, the coefficients β1, β2, β3 are as follows
β1 =
2 + 2λ(n + 1)
2 + (1 + n)(1− δ)
β2 =
λ(n+ 1)(1 + λ(n+ 1))
((1 − δ)(1 + n) + 1)((1 − δ)(1 + n) + 2)
(5.5)
β3 =
λ (µ− 1)(n + 1)2
(1− n)((1− δ)(1 + n) + 1)
and Rij denote the components of Ricci tensor of the connection Γ.
Corollary 5.4 If M is endowed with a flat projective structure then:
1. The isomorphism (5.4) has the following form:
Qλ,µ(T ) = T
ij∂i∂j + β1∂jT
ij∂i + β2∂i∂jT
ij , (5.6)
where the constants β1, β2 are as in (5.5).
2. It is the unique map equivariant with respect to the action of SLn+1 (resp. sln+1)
that preserves the principal symbols (cf. [11]).
Proof of the Theorem 5.3 Let Γ˜ be a connection projectively equivalent to Γ. Denote
by Q˜2λ,µ the quantization map written with Γ˜.
We need some formulæ (see [7]):
The covariant derivative on the space of 2-order contravariant tensor fields reads:
∇k(T
ij) = ∂kT
ij + ΓilkT
lj + ΓjlkT
il − δΓkT
ij. (5.7)
The second-order term in Q2λ,µ reads:
T ij∂i∂j = T
ij∇i∇j + (T
jkΓijk + 2λT
ijΓj)∇i (5.8)
+T ij(λ2ΓiΓj + λ∂iΓj),
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the first-order term in Q2λ,µ reads:
∂jT
ij∂i = ∇jT
ij∇i − (T
jkΓijk + (1− δ)T
ijΓj)∇i (5.9)
+λ(∇iT
ij)Γj − λT
ij (ΓkijΓk + (1− δ)ΓiΓj),
and the zero-order part of Q2λ,µ reads:
∂j∂jT
ij = ∇i∇jT
ij − 2(1 − δ)(∇iT
ij)Γj − (∇iT
jk)Γijk (5.10)
−T ij(∂kΓ
k
ij + (1− δ)∂iΓj − 2Γ
l
ikΓ
k
jl − (1− 2δ)Γ
k
ijΓk − (1− δ)
2ΓiΓj).
Now after calculation one has:
Q˜λ,µ(T ) = Qλ,µ(T ) + [2β2 + (1 + n)(−λβ1 + 2ηδβ2)]∇iT
ij ωj
+[2β1 − 2 + (1 + n)(−2λ+ ηδβ1)] T
ijωj∇i
+[(1 + n)(−λ+ ηδβ2) + 2β2 + (1− n)β3] T
ij∂i ωj (5.11)
+[(1 + n)(λ− ηδβ2)− 2β2 + β3(n− 1)] T
jk Γijk ωi
+[(1 + n)2(λ2 + ηδ(δβ2 − λβ1)) +2(1 + n)(λ(1−β1) + δβ2) + (n− 1)β3]T
ijωi ωj
where ηδ = 1− δ.
Hence, Q˜2λ,µ = Q
2
λ,µ if and only if the constants β1, β2, β3 are given as in (5.5).
Proof of the Corollary 5.4. In this case (see section 4.2), the connection Γ can be
written, in the coordinates of the flat projective structure, in the form
Γkij =
1
n+ 1
(δki Γj + δ
k
j Γi).
Substituting this formula to the equations (5.8), (5.9), (5.10), and, finally to the map (5.4)
one gets the expression (5.6).
The proof of the part 2) is given in [11].
Let us study the particular values of δ called “resonant”:
Proposition 5.5 In the resonant case δ = n+2
n+1
, n+3
n+1
, the modules are still isomorphic
with the particular values of λ, µ, β1, β2, β3, given in the table I bellow.
Proof of the proposition 5.5. Replace the particular values of δ in the formula (5.11).
hence, Q2λ,µ = Q˜
2
λ,µ, if and only if the constants λ, µ, β1, β2, β3 is given as in the table I.
Remark 5.6 In contrast with the non-resonant case, if M is flat and δ = n+3
n+1
, the
isomorphism is not unique. There is a family of isomorphisms with arbitrary constant β2.
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δ λ µ β1 β2 β3
n+ 3
n+ 1
−1
n+ 1
n+ 2
n+ 1
2β2 .
1
1− n
n+ 2
n+ 1
0
n+ 2
n+ 1
2 0 0
n+ 2
n+ 1
−1
n+ 1
1 0 0
1
1− n
Table I.
It would be interesting to obtain an analogue of the formula (5.4) in the case of higher-
order differential operators.
Acknowledgments. I am embedded to C. Duval and V. Ovsienko for the statement of
the problem and numerous fruitful discussions.
References
[1] Berline, N., Getzler, E. and Vergne, N: Heat kernels and Dirac operators, Springer
Verlag, 1992.
[2] Bouarroudj, S. and Ovsienko, V.: Three cocycles on Diff(S1) generalizing the
Schwarzian derivative, Internat. Math. Res. Notices (1998), No.1, 25–39.
[3] Bouarroudj, S. and Ovsienko, V.: Schwarzian derivative related to modules of differ-
ential operators on a locally projective manifold, Banach center publications. Inst. of
Math. Warszawa 2000.
[4] Cohen, P., Manin, Yu. and Zagier, D.: Automorphic pseudo-differential operators, In:
Algebraic Aspects of Integral Systems, Progr. Nonlinear Differential Equations Appl.
26 Birkha¨user, Boston, 1997, pp. 17-47.
[5] Duval, C., Lecomte, P.B.A and Ovsienko, V.: Conformally equivariant quantization:
existence and uniqueness, Ann. Inst. Fourier. 49:6 (1999) 1999-2029.
[6] Duval, C. and Ovsienko, V.: Space of second order linear differential operators as a
module over the Lie algebra of vector fields, Adv. in Math. 132:2 (1997) 316–333.
[7] Duval, C. and Ovsienko, V.: Conformally equivariant quantization, math. DG/
9801122.
[8] Gargoubi, H.: Sur la ge´ome´trie des ope´rateurs diffe´rentiels line´aires sur R, Preprint
CPT, 1997, P. 3472/P.
8
[9] Kobayashi, S. and Nagano, T.: On projective connections, J. of Math. and Mech.
13:2 (1964) 215–235.
[10] Lecomte, P.B.A., Mathonet, P. and Tousset, E.: Comparison of some modules of the
Lie algebra of vector fields, Indag. Math., 7:4 (1996), 461–471.
[11] Lecomte, P.B.A. and Ovsienko, V.: Projectively invariant symbol calculus, Lett.
Math. phys. 49:3 (1999) 173-196.
[12] Thomas, T.Y.: On the projective and equiprojective geometry of paths, Proc. Nat.
Acad. Sci. USA. 11 (1925) 199–203.
[13] Weyl, H.: Zur Infinitesimalgeometrie; Einordnung der projektiven und der konformen
Auffassung, Gtting Nachr. (1921), 99-122.
[14] Wilczynski, E.: J., Projective differential geometry of curves and ruled surfaces, Teub-
ner, Leipzig, 1906.
9
ar
X
iv
:m
at
h/
00
03
05
4v
2 
 [m
ath
.D
G]
  2
2 D
ec
 20
10
Projectively Equivariant Quantization Map
Sofiane BOUARROUDJ
CNRS, Centre de Physique The´orique, Luminy, Case 907, F13288 Marseille, Cedex 9, France.
e-mail: sofbou@cpt.univ-mrs.fr
Abstract
Let M be a manifold endowed with a symmetric affine connection Γ. The aim
of this Letter is to describe a quantization map between the space of second-order
polynomials on the cotangent bundle T ∗M and the space of second-order linear dif-
ferential operators, both viewed as modules over the group of diffeomorphisms and
the Lie algebra of vector fields on M. This map is an isomorphism, for almost all
values of certain constants, and it depends only on the projective class of the affine
connection Γ.
1 Introduction
The quantization procedure proposed in this Letter deals with the space of linear differen-
tial operators and the corresponding space of symbols viewed as modules over the group
of diffeomorphisms Diff(M) and the Lie algebra of vectors fields Vect(M). This method
of quantization have been introduced in the recent papers ([11], [5], [7]).
Let Dλ,µ(M) be the space of linear differential operators from the space of λ−densities
to the space of µ−densities. The corresponding space of symbols, Polδ(T
∗M), is the
space of fiberwise polynomials on T ∗M with values in the space of δ−densities over M ,
where δ = µ− λ.
We call quantization map, a linear map
Qλ,µ : Polδ(T
∗M)→ Dλ,µ(M), (1.1)
that is bijective and preserves the principal symbol (see [11], [7], [5]).
There is no quantization map (1.1) equivariant with respect to the action of the group
Diff(M). It is natural to consider a subgroup G ⊂ Diff(M) (of finite dimension) and to
restrict the action of Diff(M) on the subgroup G. There are two interesting cases:
If M = Rn is endowed with a flat projective structure, the quantization map is given
in [11]. This map is equivariant with respect to the action of the group of projective
transformations SLn+1 ⊂ Diff(R
n). IfM = Rn is endowed with a flat conformal structure,
the quantization map is given in [7], it is equivariant with respect to the action of the group
of conformal diffeomorphisms SO(p + 1, q + 1) ⊂ Diff(Rn), where (p + q = n). (See also
[8], [2], [4], for the one dimensional case.)
A natural and well-known way to define a quantization map is to fix an affine connection
on M (see, e.g., [1]). However, there is no canonical quantization map associated to the
given connection.
1
The purpose of this Letter is to study the quantization map (1.1) between the space of
symbols of degree less than two and the space of second-order linear differential operators
satisfying the following properties:
1. It is projectively invariant, i.e. it depends only on the projective class of the affine
connection Γ.
2. If M = Rn with a flat projective structure, this isomorphism is equivariant with
respect to the action of the group of projective transformations SLn+1 (resp. infinitesimal
projective transformations sln+1).
The method used in this paper follows that of the recent preprint [6].
2 Space of Linear Differential Operators
LetM be a manifold of dimension n endowed with an affine connection Γ.We are interested
in defining a two parameter family of Diff(M)−module (resp. Vect(M)−module) on the
space of linear differential operators. This space was recently studied in recent papers ([2],
[3], [8], [11], [5], [6], [7], [10]).
2.1 Space of Tensor Densities
For simplicity, we assume that M is oriented throughout this Letter.
The space of tensor densities on M, Fλ(M), or Fλ for simplify, is the space of sections
of the line bundle (ΛnT ∗M)⊗λ, where λ ∈ C. As a vector space, tensor densities are
isomorphic to the space of complexified functions, but the structure of Diff(M)-module is
different. Let us explicate this action:
Let f ∈ Diff(M) and φ ∈ Fλ. In a local coordinates (x
i), the action is given by
f∗φ = φ ◦ f−1 · (Jf−1)
λ, (2.1)
where Jf =
∣∣∣DfDx
∣∣∣ is the Jacobian of f .
In the case λ = 0, 1, the action (2.1) is precisely the standard action of Diff(M) on the
space of functions and differential forms of degree n respectively.
Differentiating the action of the flow of a vector field, one gets the corresponding
representation of Vect(M).
LλX(φ) = X
i∂i(φ) + λ∂i(X
i)φ, (2.2)
where X = Xi∂i ∈ Vect(M).
Formulæ (2.1), (2.2) do not depend on the choice of coordinates.
Let us now recall the definition of covariant derivative on tensor densities (cf. [7]).
Let ∇ be the covariant derivative associated to the affine connection Γ. If φ ∈ Fλ, then
∇φ ∈ Ω1(M)⊗Fλ, given, in a local coordinates, by the formula
∇iφ = ∂iφ− λΓiφ, (2.3)
with Γi = Γ
l
il (summation is understood on repeated indices).
2
2.2 Space of Linear Differential Operators
Consider Dλ,µ(M), the space of linear differential operators acting on tensor densities
A : Fλ → Fµ. (2.4)
The action of Diff(M) on Dλ,µ(M) depends on two parameters λ and µ. This action is
given by the equation:
fλ,µ(A) = f
∗ ◦ A ◦ f∗−1, (2.5)
where f∗ is the action (2.1) of Diff(M) on Fλ.
Differentiating the action of the flow of a vector field, one gets the corresponding
representation of Vect(M).
L
λ,µ
X (A) = L
µ
X ◦ A−A ◦ L
λ
X , (2.6)
where X ∈ Vect(M).
These formulæ do not depend on the choice of a system of coordinates.
Denote Dkλ,µ(M) the space of k−order linear differential operators acting on tensors
densities. In a local coordinates (xi), one can write A ∈ Dkλ,µ(M)
A = ai1,...,ikk
∂
∂xi1
· · ·
∂
∂xik
+ · · · + ai1
∂
∂xi
+ a0, (2.7)
with the coefficients ai1,...,ill = a
i1,...,il
l (x
1, . . . , xn) ∈ C∞(M), with l = 0, . . . , k. We have
then a filtration
D0λ,µ(M) ⊂ D
1
λ,µ(M) ⊂ · · · ⊂ D
k
λ,µ(M) ⊂ · · ·
The space of k−order linear differential operators Dkλ,µ(M) is a Diff(M)-submodule
(resp. Vect(M)−submodule) of Dλ,µ(M).
Remark 2.1 The space of linear differential operators viewed as a module over the group
of diffeomorphisms is a classical object (see e.g., [14]). For example, in the case M =
S1, the space of Sturm-Liouville operators d
2
dx2
+ u(x), where u(x) ∈ F2, is viewed as a
submodule of D2
−
1
2
, 3
2
(S1). Also, the modules Dk1−k
2
, 1+k
2
(S1) was considered in [14].
3 Space of Symbols
The space of symbols, Pol(T ∗M), is the space of functions on the cotangent bundle T ∗M
polynomial on the fibers. In a local coordinate system (xi, ξi), one can write
T =
k∑
l=0
T i1,...,ilξi1 · · · ξil ,
with T i1,...,il(x1, . . . , xn) ∈ C∞(M).
One defines a one parameter family of Diff(M)−module (resp. Vect(M)−module) on
the space of symbols by
Polδ(T
∗M) := Pol(T ∗M)⊗Fδ.
3
Let us explicit this action.
Take f ∈ Diff(M), and X ∈ Vect(M). Then, in a local coordinates (xi, ξi), one has:
fδ(T ) = f
∗T · (Jf−1)
δ, (3.1)
LδX(T ) = LX(T ) + δD(X)T, T ∈ Polδ(T
∗M) (3.2)
where
LX = X
i∂i − ξj∂i(X
j)∂ξi , D(X) = ∂iX
i.
The space of symbols admits a graduation
Polδ(T
∗M) =
∞⊕
k=0
Polδ,k(T
∗M),
where Polkδ,k(T
∗M) are the homogeneous polynomials of degree k on T ∗(M). This gradu-
ation is Diff(M)−invariant.
Throughout this Letter, we will identify the space of symbols with the space of sym-
metric contravariant tensor fields on M.
4 Flat Projective Structure and Projectively Equivalent Con-
nection
LetM be a manifold of dimension n. Recall two notions on projective geometry, the notion
of flat projective structure and the notion of projectively equivalent connections (see [9]).
4.1 Flat projective structure
A manifold M admits a flat projective structure if there exists an atlas {φi} such that the
local transformations φi ◦ φ
−1
j are projective transformations.
The most interesting case is when M = Rn. In this case, the group SLn+1 acts locally
on Rn by projective transformations. Choosing a local coordinate system, the Lie algebra
sln+1 can be identified with the subalgebra of Vect(R
n) generated by the vector fields:
∂i, x
i∂j , x
ixj∂j .
The projective Lie algebra sln+1 is a maximal subalgebra of the Lie algebra of polyno-
mial vector fields on Rn (cf. [11]).
4.2 Projectively Equivalent Connections
The notion of projectively equivalent connection is an old notion related to projective
geometry of the “paths” studied by H. Weyl in [13] and T.Y. Thomas in [12]. Weyl gives
the following definition:
Two affine connection without torsion, with Christoffel symbols Γ˜ijk and Γ
i
jk given on
the same system of coordinate x1, . . . , xn, are projectively equivalent, if there exists a
differential 1-form with components ωi, such that
Γ˜ijk = Γ
i
jk + δ
i
jωk + δ
i
kωj. (4.1)
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Geometrically, two affine connections without torsion projectively equivalent give the
same unparameterized geodesics (cf. [9], [13]).
An affine connection Γ is said to be projectively flat, if they can be written:
Γijk =
1
n+ 1
(
δijΓk + δ
i
kΓj
)
. (4.2)
A manifold M endowed with an affine connection Γ, admits a flat projective structure
if and only if the connection Γ is projectively flat (cf. [9]).
5 Main Theorems
In this section, we will give a quantization map between the space of symbols of degree
less than two and the space of second-order linear differential operators. First, decompose
the space of symbols into a direct sum
Polδ,2(T
∗M)⊕ Polδ,1(T
∗M)⊕ Polδ,0(T
∗M),
where Polδ,k(T
∗M), is the space of homogeneous symbols of degree k, ( k = 0, 1, 2). We
will construct a quantization map on each of these spaces.
In the case of symbols of degree less than 1, there exists a quantization map that
commutes with the action of Diff(M) and Vect(M) (see [11], [6]).
Theorem 5.1 For any δ 6= 1, the map Q1λ,µ : Polδ,1(M)⊕Polδ,0(M)→ D
1
λ,µ(M) given by
Q1λ,µ(T ) = T
i∇i + α∇i(T
i) + T 0 (5.1)
where T = T i ξi + T
0, and
α =
λ
1− δ
(5.2)
is a projectively invariant isomorphism (i.e. it depends only on the projective class of the
affine connection Γ.)
Proof of Theorem 5.1. Let Γ˜ be a symmetric affine connection projectively equivalent
to Γ. Denote by Q˜1λ,µ the quantization map written with the connection Γ˜. We must show
Q˜1λ,µ = Q
1
λ,µ.
We need some formulæ (see [7]):
Recall the covariant derivative on the space of 1-order contravariant tensor fields: Let T i
be a tensor, then one has:
∇j(T
i) = ∂j T
i + ΓijlT
l − δ ΓjT
i. (5.3)
Using formulæ (4.1), (5.3) one obtains
∇˜i(φ) = ∇i(φ)− λ(n+ 1)ωi φ, ∇˜i(T
i) = ∇i(T
i) + (1− δ)(1 + n)ωi T
i.
Then after a straightforward calculation:
Q˜1λ,µ(T ) = Q
1
λ,µ(T ) + (1 + n)(α(1 − δ)− λ)ωi T
i.
Hence Q˜1λ,µ = Q
1
λ,µ if and only if α is given as in (5.2).
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Remark 5.2 1. If M is endowed with a flat projective structure, the isomorphism (5.1)
is the unique provided it preserves the principal symbol (cf. [11]).
2. In the case δ = 1, the modules are still isomorphic if (λ, µ) = (0, 1). This isomorphism
is given by (5.1) with an arbitrary α.
Let us give the quantization map on the space of homogeneous symbols of degree 2.
Theorem 5.3 If n ≥ 2, for any δ 6= n+3
n+1
, n+2
n+1
, there exists a projectively invariant iso-
morphism Q2λ,µ : Polδ,2(T
∗M)→ D2λ,µ(M) given by
Q2λ,µ(T ) = T
ij∇i∇j + β1∇jT
ij∇i + β2∇i∇j(T
ij) + β3RijT
ij, (5.4)
where T (ξ) = T ijξiξj, the coefficients β1, β2, β3 are as follows
β1 =
2 + 2λ(n + 1)
2 + (1 + n)(1− δ)
β2 =
λ(n+ 1)(1 + λ(n+ 1))
((1 − δ)(1 + n) + 1)((1 − δ)(1 + n) + 2)
(5.5)
β3 =
λ (µ− 1)(n + 1)2
(1− n)((1− δ)(1 + n) + 1)
and Rij denote the components of Ricci tensor of the connection Γ.
Corollary 5.4 If M is endowed with a flat projective structure then:
1. The isomorphism (5.4) has the form
Qλ,µ(T ) = T
ij∂i∂j + β1∂jT
ij∂i + β2∂i∂jT
ij , (5.6)
where the constants β1, β2 are as in (5.5).
2. It is the unique map equivariant with respect to the action of SLn+1 (resp. sln+1)
that preserves the principal symbols (cf. [11]).
Proof of the Theorem 5.3 Let Γ˜ be a connection projectively equivalent to Γ. Denote
by Q˜2λ,µ the quantization map written with Γ˜.
We need some formulæ (see [7]):
The covariant derivative on the space of 2-order contravariant tensor fields reads:
∇k(T
ij) = ∂kT
ij + ΓilkT
lj + ΓjlkT
il − δΓkT
ij. (5.7)
The second-order term in Q2λ,µ reads:
T ij∂i∂j = T
ij∇i∇j + (T
jkΓijk + 2λT
ijΓj)∇i (5.8)
+T ij(λ2ΓiΓj + λ∂iΓj),
the first-order term in Q2λ,µ reads:
∂jT
ij∂i = ∇jT
ij∇i − (T
jkΓijk + (1− δ)T
ijΓj)∇i (5.9)
+λ(∇iT
ij)Γj − λT
ij (ΓkijΓk + (1− δ)ΓiΓj),
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and the zero-order part of Q2λ,µ reads:
∂j∂jT
ij = ∇i∇jT
ij − 2(1 − δ)(∇iT
ij)Γj − (∇iT
jk)Γijk (5.10)
−T ij(∂kΓ
k
ij + (1− δ)∂iΓj − 2Γ
l
ikΓ
k
jl − (1− 2δ)Γ
k
ijΓk − (1− δ)
2ΓiΓj).
Now after calculation one has:
Q˜λ,µ(T ) = Qλ,µ(T ) + [2β2 + (1 + n)(−λβ1 + 2ηδβ2)]∇iT
ij ωj
+[2β1 − 2 + (1 + n)(−2λ+ ηδβ1)] T
ijωj∇i
+[(1 + n)(−λ+ ηδβ2) + 2β2 + (1− n)β3] T
ij∂i ωj (5.11)
+[(1 + n)(λ− ηδβ2)− 2β2 + β3(n− 1)] T
jk Γijk ωi
+[(1 + n)2(λ2 + ηδ(δβ2 − λβ1)) +2(1 + n)(λ(1−β1) + δβ2) + (n− 1)β3]T
ijωi ωj
where ηδ = 1− δ.
Hence, Q˜2λ,µ = Q
2
λ,µ if and only if the constants β1, β2, β3 are given as in (5.5).
Proof of the Corollary 5.4. In this case (see section 4.2), the connection Γ can be
written, in the coordinates of the flat projective structure, in the form
Γkij =
1
n+ 1
(δki Γj + δ
k
j Γi).
Substituting this formula in Equations (5.8), (5.9), (5.10), and, finally to the map (5.4)
one gets the expression (5.6).
The proof of the part 2) is given in [11].
Let us study the particular values of δ called “resonant”:
Proposition 5.5 In the resonant case δ = n+2
n+1
, n+3
n+1
, the modules are still isomorphic
with the particular values of λ, µ, β1, β2, β3, given in table I .
Proof of the proposition 5.5. Replace the particular values of δ in the formula (5.11).
hence, Q2λ,µ = Q˜
2
λ,µ, if and only if the constants λ, µ, β1, β2, β3 is given as in the table I.
Remark 5.6 In contrast with the nonresonant case, if M is flat and δ = n+3
n+1
, the iso-
morphism is not unique. There is a family of isomorphisms with arbitrary constant β2.
δ λ µ β1 β2 β3
n+ 3
n+ 1
−1
n+ 1
n+ 2
n+ 1
2β2 .
1
1− n
n+ 2
n+ 1
0
n+ 2
n+ 1
2 0 0
n+ 2
n+ 1
−1
n+ 1
1 0 0
1
1− n
Table I.
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It would be interesting to obtain an analogue of the formula (5.4) in the case of higher-
order differential operators.
Acknowledgements. I am indebted to C. Duval and V. Ovsienko for the statement of
the problem and for numerous fruitful discussions.
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